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Abstract

The Matroid Secretary Problem, introduced by Babaioff et
al. (2007), is a generalization of the Classical Secretary
Problem. In this problem, elements from a matroid are
presented to an on-line algorithm in a random order. Each
element has a weight associated with it, which is revealed to
the algorithm along with the element. After each element is
revealed the algorithm must make an irrevocable decision
on whether or not to select it. The goal is to pick an
independent set with the sum of the weights of the selected
elements as large as possible.

Babaioff et al gave an algorithm for the Matroid Secre-
tary Problem with a competitive ratio of O(logp), where p
is the rank of the matroid. It has been conjectured that a
constant competitive-ratio is achievable for this problem. In
this paper we give an algorithm that has a competitive-ratio

of O(\/Iogp).

1 Introduction

Dynkin [7] introduced the Classical Secretary Problem:
There are n candidates for a secretarial post. Precisely
one of them has to be selected for the post. The
candidates are interviewed sequentially in a random
order. After each interview a score is given to the
candidate just interviewed. The goal is to select a
candidate with the maximum score. But there is one
“catch”. Once a candidate has been interviewed, the
decision on whether to hire the candidate or not has
to be taken before the next candidate is interviewed.
If that candidate is hired then the interview process
stops. If the candidate is not hired, then the next
candidate is interviewed, and the candidate that was
not hired cannot be hired subsequently. Because of this
”catch”, the best that can be done is to maximize the
probability of picking the best candidate. Lindley [12]
and Dynkin [7] gave an algorithm that hires the best
candidate with probability at least 1/e. For the results
in this paper we need an equivalent formulation of the
problem, which we describe next.
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the Matroid Secretary Problem

Oded Lachish

Classical Secretary Problem:  Given a ran-
domly ordered sequence of n elements, each with a pos-
itive weight, design an on-line algorithm for picking
an element of the sequence that mazimizes the expected
weight of the chosen element.

A natural generalization is to allow k secretaries to
be hired. Now the goal is to hire the best k£ candidates.
This problem is known as the k-Secretary Problem.
Babaioff et al [4] generalized it even further to the
Matroid Secretary Problem. In this problem there is a
matroid (U, 7). Each element x € U has a non-negative
weight wt(z) and each S € T has weight ) g wt(z).
The algorithm has access to the matroid via an oracle
that on input set S C U replies whether S € 7 or not.
The elements and their weights are revealed one at a
time in a random order. As each element is revealed, a
decision whether to select or reject it, must be made
subject to the following constraints: the decision to
select or reject is irrevocable; the decision must be made
before the next element in the sequence is revealed; the
set of selected elements must belong to Z at all times.
The algorithm’s payoff is the weight of the set of selected
elements. The goal is to maximize the expected payoff.
The competitive-ratio of the algorithm is the ratio of the
maximum weight of a set in Z to the expected payoff.

Babaioff et al. [4] established a connection between
the Matroid Secretary Problem and mechanism design.
Essentially they show that each algorithm for a specific
family of matroids can be converted into a Truthful
Mechanism for what they call corresponding matroid
domain. In the same paper they gave an algorithm
for the Matroid Secretary Problem that achieves a
competitive-ratio of O(logp), where p is the rank of
the matroid. Since then this problem has received
significant attention. Yet, no algorithm with a better
competitive-ratio has been found (until this paper). It
has however often been conjectured that a constant
competitive-ratio is achievable.

Related results: Although to our knowledge, the
best known competitive-ratio for the Matroid Secretary
Problem is the one presented in this paper, significantly
better results are known when there are certain restric-
tions on either the matroid structure or the weights of
the elements.

For example, constant-competitive-ratio algorithms
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have been obtained for specific families of matroids like
graphic matroids [4], transversal matroids of bounded
left degree, and their truncation [4], uniform/partition
matroids [2, 10], transversal matroids [6, 11] and Lam-
inar matroids [9]. There are also some constant-
competitive-ratio results when various restrictions are
imposed on the weights of the elements. For example, if
the weights of the elements are randomly assigned, then
there is a constant-competitive-ratio algorithm [13].

Many other generalizations of the Classical Secre-
tary Problem have also been studied, for example, the
Submodular Secretary Problem [5] and the Knapsack
Secretary Problem [2]. For a detailed survey of this field,
please refer to [8] and [3].

Our result: We give an algorithm for the Ma-
troid Secretary Problem that has a competitive-ratio
of O(v/logp). This may be an indication that the
Matroid Secretary Problem actually admits a constant
competitive-ratio.

2 Overview of our algorithm

This overview refers to a number of matroid properties
that are formally defined in the following section. In
order to simplify the exposition of the algorithm we set
OPT to be the maximum weight of an independent set
in the matroid. It is assumed that the weights of all
the elements of the matroid are powers of 2. In the
worst case this results in doubling the competitive-ratio
of our algorithm. The advantage of this assumption is
that it enables the partitioning of the elements into sets,
called buckets, where each bucket is a maximal set of
matroid elements that have the same weight. The main
algorithm we present utilises three separate algorithms.
The first we call the classical algorithm since it is the
algorithm described in Lindley [12] and Dynkin [7] for
the Classical Secretary Problem. The second we call the
simple algorithm and the third we call the protection
algorithm.

The main algorithm consists of two parts of which
only one is used. The decision as to which one is
made by a toss of a fair coin. The first part is simply
the classical algorithm. The second part consists of
two phases. In the first phase approximately half of
the elements of the matroid are revealed without any
of them being selected. In the second phase either
the simple algorithm or the protection algorithm is
deployed. The choice of which algorithm to deploy is
done according to the knowledge about the elements
revealed in the first phase.

The goal of the first part of the algorithm is to
ensure the claimed competitive-ratio when the matroid
has an element with a "large” weight, where by "large”
we mean at least as large as the expected payoff of the
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algorithm. The second part of the algorithm is to ensure
the claimed competitive-ratio when the matroid does
not have a ”large” element.

The assumption that there is no element of "large”
weight is vital for the proof of correctness of the second
part of the algorithm. Under this assumption, we
show that there exist two sets of buckets, Core-Buckets
and Good-Buckets, which satisfy a number of crucial
properties: Good-Buckets is a superset of Core-Buckets;
the cardinality of Good-Buckets is O(log p) (recall that
p is the rank of the matroid); the rank of each bucket
in Good-Buckets is "large” enough to enable us to use a
combination of concentration inequalities and the union
bound; the sum of rank of a bucket times weight of
an element in it over all buckets in Core-Buckets is
Q(OPT). These properties enable us to show, for
example, that with high probability the rank of the
set of elements revealed in the first phase is at least
p/3. This is used to show that with high probability
by the end of the first phase the algorithm has a good
approximation of p. Hence from here until the end of
the overall description, we assume that p is known.

The importance of Core-Buckets and Good-Buckets
stems from the fact that in the first phase the algorithm
selects a set of buckets called Selected-Buckets, and we
show that, with high probability, Selected-Buckets is
a superset of Core-Buckets and is a subset of Good-
Buckets. In the second phase the algorithm selects
elements only from Selected-Buckets. We use the fact
that Selected-Buckets includes Core-Buckets in order
to upper bound the competitive-ratio. The fact that
Selected-Buckets is a subset Good-Buckets implies that
the concentration results we prove for Good-Buckets
also hold for Selected-Buckets.

We now explain what the algorithm does in the
second phase, starting with an explanation of how the
simple algorithm works. This explanation is followed by
a description of how and why the main algorithm uses
the simple algorithm. The simple algorithm receives a
subset of Selected-Buckets from the first phase of the
main algorithm. It then starts revealing the remaining
elements, selecting an element, provided it is in one of
the given buckets and that adding it to the set of all
previously selected elements results in an independent
set.

There are two ways the simple algorithm may be
employed. The first is when the first phase of the main
algorithm gives the simple algorithm a set consisting of
a single bucket. In this case the set of elements revealed
in the first phase that are in this bucket, contains
an independent subset with a large weight. If this
had been known in advance, then the simple algorithm
could have been used with this bucket on the elements
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revealed in the first phase. This would have ensured
the required payoff. This is because all of the elements
in the given bucket have the same weight. Thus, the
simple algorithm, described here, coincides with the
greedy algorithm for matroids when applied only on the
elements of the given bucket that were revealed in the
first phase. However, although we do not know this in
advance, since the bucket given is in Good-Buckets the
concentration results for Good-Buckets imply that the
subset of the buckets elements, revealed in the second
phase, is similar with high probability.

The second way the simple algorithm is used is as
follows. The first phase of the main algorithm gives
the simple algorithm a "special” subset of the Selected-
Buckets. The union of these ”special” buckets contains
an independent subset of large weight that consists of
elements u of the following type: each element u was
revealed in the first phase; {u} forms an independent set
together with any independent subset of elements that
were revealed in the first phase and are contained in the
union of the "special” buckets. Note that this implies
that if we had used the simple algorithm on the elements
that were revealed in the first phase and contained in
the union of the ”special” buckets, then every element
such as u would have been selected. However, although
we do not know this in advance, since the ”special”
buckets are Good-Buckets the concentration results for
Good-Buckets imply that the subset of elements in
the ”special” buckets, revealed in the second phase, is
similar with high probability.

Note that the simple algorithm will be employed if
a bucket like the one described in the first way exists,
or if a ”special” set of buckets as described in the
second way exists. If many such sets exist, then one
of them is selected arbitrarily in the first phase of the
main algorithm and this is the set given to the simple
algorithm. If no such sets exist then the protection
algorithm is used.

The protection algorithm is more involved than the
simple algorithm and hence a more detailed intuition
appears together with its pseudo-code. Here we shall
describe some of the key ideas it incorporates. Assume
that we had a "magic” oracle that can provide a basis for
every Bucket. In an algorithm we could use this oracle
as follows. When deciding whether to select a candidate
element we act as follows: select the element only if the
rank of the set obtained by adding the element to the
set described next is larger the rank of this set. The set
is the union of all elements already selected and all the
elements that are of larger weight than the candidate
and in bases given by the "magic” oracle. This ensures
that it will never be the case that an element will not
be selected because it forms a dependent set together
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with elements of lower weight that have already been
selected. This holds since if indeed such a set of lower
weight elements existed, then its union with all the
bases of buckets of larger element weight that were
given by the "magic” oracle is dependent. This in turn
means that one of these lower weight elements was not
selected, hence a contradiction. Thus the bases given
by the "magic” oracle "protect” elements from elements
of smaller weight.

In reality such a "magic” oracle does not exists. So
instead of the basis given by the "magic” oracle we use
a union of a number of buckets. This union may not
include a basis for the protected bucket, yet it is similar
in a manner that will be described later when we present
the algorithm. We shall show that such sets exist if the
sets needed for the simple algorithm to be used do not
exist.

3 Preliminaries

We use [a] to denote {1,..., |«]} for any non-negative
real a. We use N to denote the non-negative integers, Ny
the non-negative even numbers and N; the non-negative
odd numbers. All logarithms are base 2.

3.1 Properties of Matroids

DEFINITION 3.1. Let (U,Z) be an ordered pair, where

U is a set of elements and I is a family of subsets of U,
then (U,T) is a matroid if the following holds

e [fAcZT and A’ C A, then A' €T

o If AA" € T and |A”| > |A|, then there exists
a€ A"\ A such that (AU {a}) € T.

We call the sets in I, independent sets, and any inde-
pendent set that is maximal is called a basis of U.

From here on (U, Z) is a fixed matroid and n = |U|.
We also have a fixed weight function wt from U to
the non-negative reals. For every u € U we refer to
wt(u) as the weight of u. For any V' C U we define
wt(V) = >, ey wt(u). We shall assume that all the
weights are powers of 2. That is, we round any value
to the largest power of 2 that is smaller than it. In the
worst case this results in doubling the competitive-ratio
of our algorithm.

DEFINITION 3.2. [Rank,T,OPT,O?T] For  every
U C U we define Rank(U') = max{|I| | T € Tn24'}.
We set T [log Rank(U)]. For every U C U
we define OPT(U’) max{wt(I) | I € T N24}.
We write just OPT when U' = U and set OPT

to be the smallest power of 2 that is at least
>, OPT({u e U | wt(u) = 2°}).
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This definition of OPT was chosen in order to simplify
the exposition. Observe that OPT > OPT.

DEFINITION 3.3. [Buckets] For every integer © we set

Bi={uel|wt(u) = OPT
S we define Bs = B

}. For every set of integers
i€S
DEFINITION 3.4. [CoreBs, GoodBs | CoreBs is
the set of all i € “MW—FH QT} such that

Rank(B;) > max{Qi e YL} GoodBs is the set of
al i € {[MHH,QT} such that Rank(B;) >
max{ 21;16, YLy

In all the propositions until the end of this subsec-
tion it is assumed that Y > 264 and max{wt(u) | u €

u} < OPT

TV Hence we omit this from their statement.

)>OPT

PROPOSITION 3.1. > . o eps OPT(B

Proof. Let a = [%1 + 11, and T7 be the set of all

€ [a,2Y] such that Rank(B;) < ?, and Ty be the
set of all ¢ € [, 2] such that Rank(B;) < g and T5
be the set of all integers greater than 27. Recall that, as
max{wt(u) |u e U} < 2?61?/7%, for every i < f%] +11
we have that B; = () and hence ), o5, OPT(B;) >
5P\T/2 — 2 iep3) OPT(T;). Therefore, by Definition 3.2
and Definition 3.4, to prove the proposition we only

need to show that -, 5 OPT(T;) < O/ﬁ“/4 By
definition OPT(T}) < Yicjar 2 - PEL < OPT/16
\/T . OPT

and also that OPT(T3) < 3 ic(aov

- s OPT

2 aZiG[ZI‘] 2 ’

Siogy 27 - OPT < o 9T . OPT < OPT/16, where
the first inequality is because for every i we have that
Rank(B;) < 27 and the last inequality is because

T > 264,

28 27

< OPT/16 Finally, OPT(T3) <

Among other things the following Propositions are
used to bound the effect of using concentration inequal-
ities.

ProrosiTION 3.2.  For every i,j,k, T, where k > 5 >
4T and k—j§ < VY, andi € T C [j,k] N GoodBs, we

have that Rank(B;)%/* > \/Rank(Br).

Proof. The weight of every element in Bp is at least

O2PkT and hence Rank(Br) < 2% Now, as i € GoodBs,

Definition 3.4 implies that Rank(B;) > 2/-16-ls™ >

ok=VT—16-log T Note as k& > 4T and ¥ >

264 we get that k/4 > 3(16 + VT + logY)/4 and

hence Rank(B;)3/* > 93(k—VT—16-log1)/4 - ok/2 >
Rank(Br).

1705

PROPOSITION 3.3. For every T C Goostﬂ[élx/» 27]

we have that 3, 16 - T - Rank(B;)%/* - OPT < 2(%?2

Proof. Since |T| < 27, it is sufficient to prove that for
every i € T' we have that 16- T - Rank(B;)3/* - OPT <

QOQIPAIF:FS Fix i € T. By definition Rank(B;) § 2t
and hence Rank(B )3/4 < 2%, Therefore 16 - T -
Rank(B;)3/*- OPT <16-Y-OPT-2"% < 20251?3, where

the last mequahty is because i > 4v/YT and T > 264,

3.2 Permutations of U Let # : U — [n] be a
uniformly selected bijection and £ selected according
to the Binomial distribution Binomial(n,1/2). Let
L={uel|nr(u)<l}and R=U\ L.

DEFINITION 3.5. [L,R Buckets] For every integer i
we set B = B;N L and BF = B;NR.

We next define an event .4 which contains all the
conditions required for proving that the algorithm we
present works. We use both the Chernoff and the
Talagrand inequalities in order to prove that A holds
with sufficiently high probability.

DEFINITION 3.6. [Event A] Let A be the event that
L is such that the following holds. For every i,j,k,T,
wherei € GoodBs, and k > j > 4V Y and k—j < [V/Y],
and T C [§, k] N GoodBs, we have that

1. Rank(L) Z Ra%k(w’ ZiGCOTEBS OPT(BzL) Z

OPT
16 »

2. |Rank(BF)— Rank(Bf)| < 4-log (T)-

Rank(B®)| < 8- 7T -\/Rank(Br),
4. ifi €T, then |R(mk(B%\{i} U BEF) — Rank(BE)| <
8- /Rank(Br).

If T > 2% and max{wt(u) |u e U} <
then event A holds with probability at least %

Rank(B;),
3. |Rank(BE) —

THEOREM 3.1.
OPT
216/’

Proof. The proof follows from union bound and Propo-
sition 3.6, Proposition 3.4 and Proposition 3.5, which
are all proved further on.

From here until the end of this subsection, we shall

assume that Y > 264 and max{wt(u) | u € U} < 2?5/7;
Hence we will omit this from the statements of the
propositions appearing next.

To prove that with high probability conditions 2,
3 and 4 of event A hold, we use an application of

Talagrand’s concentration inequality which appears in
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chapter 7 section 7 of Alon and Spencers second edition
of the book The Probabilistic Method [1]. Denote the
elements of U by ui,...,u,. For every i € [n] let Q; be
the probability space consisting of the complementing
events u; € L and u; € R. Set Q = Hie[n] Q. A
function h from € to the reals is Lipschitz if |h(z) —
h(y)| <1 for every z,y €  that differ on at most one
coordinate. The next definition is quoted from [1].

DEFINITION 3.7. [Definition 3 of [1]] Let f : N —
N. h is f-certifiable if whenever h(x) > s there exists
I CA{1,...,n} with |I| < f(s) so that all y € Q that
agree with x on the coordinates I have h(y) > s.

The following theorem is an adaptation of Theorem
7.7.1 from [1] to our needs.

THEOREM 3.2. If h is Lipschitz and f-certifiable, then
for x selected uniformly from Q0 and all b, t,

Prih(z) <b—t/fO)] - Prib(z) > b < e /%

We shall use Theorem 3.2 for the Rank function.
To do so we need the following two facts. For every
V C U define Ranky : Q — N so that Ranky (z)
Rank(V N L)

Facr 3.1. Ranky is Lipschitz and f-certifiable, where
f(z) = for every x € Q.

We abuse notations and treat L as if it was an
element in  (that is, an indicator function for L).

FAcT 3.2. L is distributed uniformly over 24.

Proof. Let T'C U. The probability that L = T is the
probability that |L| = |T| times the probability that
the elements of T are selected to be in L. This is
—n n n -1 —_n
2 '(\T\)'( ) =27"

T
LEMMA 3.1. Let V CU and m be the median value of

Ranky (z) over all x € Q, then for every t > 2
Prob||Ranky (L) —m| > ty/m] < e27t/4,

Proof. To prove the lemma we apply Theorem 3.2 twice.
In both times we take h = Ranky and f to be the
identity function. In the first time we set b = m to get

Pr[Ranky (L) <m — ty/m] - Prlh(z) > m] <
Pr[Ranky (L) < m — t\/m]/2 < e~t/4.

In the second time we set b = m + ty/m to get

Pr[Ranky (L) <m+ 6] - Pr[h(z) > m+ty/m] <
Pr[Ranky (L) > m + tym]/2 < e=*"/4,

where the first inequality is because § > 0 since t > 2.
The lemma follows by the union bound.

1706

PROPOSITION 3.4.  With probability at least 15/16, for
every i € GoodBs we have that

|Rank(BF) — Rank(BF)| < 4 -log (Y) - \/Rank(B;).

Proof. Fix i € GoodBs. Let m be the median of
the value of Rank(BF) over all choices of L. Observe
that Rank(BY) = Rankp,(L). Since i € GoodBs and
T > 264 by Fact 3.1 and Fact 3.2, Lemma 3.1 asserts
that |Rank(BE) —m| > 2-log (T)+/m, with probability
at most e2~21°8T < 2-67~1 where the inequality is
because T > 264,

Thus, by the union bound with probability at least
31/32 for every i € GoodBs we have that |Rank(BL) —
m| < 2-log(Y)y/m. Note that for our purposes there
is no difference between BF and Bl, since there is
a trivial bijection between every possible L and every
possible R. Consequently, the same proof implies that
with probability at least 31/32 for every i € GoodBs we
have that |Rank(BE) —m| < 2-log (T)y/m. Now by
applying the union bound and the triangle inequality
proposition follows.

PROPOSITION 3.5. With probability at least 15/16, for
every i, k, T, where k > 7 > 8/Y and k — j < VT,
and i € T C [j, k] N GoodBs, we have that

e |Rank(Bk) — Rank(BE)| <87 -\/Rank(Br).

e |[Rank(Bf, ;, U BF) — Rank(Bf)| < 8.7 -

v/ Rank(Br).

Proof. Fix i,j,k,T. Let m be the median of the
values of Rank(B%\{i} U BE) over all choices of L.
Note that the for our purposes there is no difference
between B%\ iy Y BiR and B%, since there is a trivial
bijection between every possible value of L and every
possible value of (L\ BL)U BE. By the same reasoning
as in Proposition 3.4 we infer |Rank(B%\{i} U Bf) —
m| > 2 -log (Y)y/m, with probability at most 22T <
210 —32-T,

Since Y > 254, the union bound implies that with
probability at least 63/64 for every i,7,k,T as in the
proposition we have that |Rank(B%\{i} UBE) —m| <
2 - Ty/m. Note that the for our purposes there is no
difference between B and BX%, since there is a trivial
bijection between every possible value of L and every
possible value of R. Thus same proof implies that with
probability at least 63/64 for every i,7,k,T, as in the
statement of the proposition, we have that | Rank(B%)—
m| < 2-Yy/m and the same for Rank(BZ). Now by
using the union bound and the triangle inequality the
proposition follows.

Copyright © SIAM.
Unauthorized reproduction of this article is prohibited.



We next prove that Condition 1 of event 4 holds
with high probability. To do so we need the Chernoff
inequality which requires the following fact that is an
immediate result of Fact 3.2.

Fact 3.3. For every i and u € B; independently,
u € BE with probability %

PROPOSITION 3.6.  Rank(L)
ZiECOTeBS OPT(BZL) 2 %
15/16.

>  RankU)/3 and
with probability at least

Proof. Let Z be a basis for 4. By Fact 3.3 for every
z € U independently z € L with probability 1/2. Hence
by the Chernoff inequality |Z N L| > Rank(U)/3 with
probability at least 1 — e~ Fonk(@)/18 ~ 31/32, where the
inequality is because T > 264,

For every i € CoreBs let Z; C B; be an opti-
mal basis for B;. Fix i € CoreBs. By Fact 3.2 for
every z € Z; independently, z € L N Z; with prob-
ability 1/2. Since Rank(B;) > ‘é;, by the Chernoff
bound, Rank(Z; N L) > Rank(Z;)/3 with probabil-
ity at least 1 — e i > 1- i}T, where the in-

equality is because Y > 264, By the union bound,
with probability at least 15/16, for every ¢ € CoreBs

we have that Rank(Z; N L) > Rank(Z;)/3. Thus,
with probability at least 15/16, >, ccores OPT(BF) >

S iccorens OPT(B;)/3 > 2L where the second in-

equality is by Proposition 3.1. The proposition follows
by an additional use of the union bound.

4 The Main Algorithm

THEOREM 4.1. Let P be the set returned by Al-
gorithm 4.1, then the expected value of OPT(P) is
Q(CLL).

VT
The proof of this theorem appears immediately before
Subsection 4.1. The pseudo-code for Algorithm 4.1
appears further on and is essential for understanding
what is written in this text. Note that all the matroid
related operations used in Algorithm 4.1 can be done
by using only an oracle to the matroid.

In the first line of Algorithm 4.1 it is decided
whether to employ the classical algorithm or not. If
the classical algorithm was not employed, then Algo-
rithm 4.1 proceeds to the initialization of sets and the
revealing of about half the matroids elements. The set
of revealed elements is denoted by L since it is selected
exactly as L is selected in the preliminaries. Once L is
known the algorlthm proceeds to computing the param-
eters OPT and T. These parameters are computed SO
that with high probability OPT = OPT and T = 7.
This is done mostly in order to simplify notations. At
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Line 9 the algorithm picks Selected-Buckets. Line 10 is
used for checking whether there exists a set of buckets,
for the simple algorithm as described in Section 2. If
there does not exist such a set, then the protection al-
gorithm is employed. If there exist such sets, then the
algorithm selects an arbitrary one and proceeds to the
simple algorithm, which consists of Line 12.

ALGORITHM 4.1.

1. With probability % employ the classical secretary
algorithm and return its output

¢ € Binomial(n,1/2)

Reveal the first ¢ elements without selecting any of
them, set L to be all the elements revealed

Select ¢ € {0,1,2,3} and n € {0,1,2},
independently and uniformly

each

P+— 0, T <— n+log Rank(L)

Set OPT to be 2¢ times the smallest power of 2
that is at least ), OPT({u € L | wt(u) = OPT )

L;+— {ue L|wt(u) = OPT

} for every i € [ZT]
Ly +— Ujeps Li for every M C [27)

Set SelectedBs to be the set of all i € [2] such
that Rank(L;) > max { Qi%IZ, \2/12?

If there do not exist k1, ko that satisfy the following,
then proceed to Algorithm 4.2

10.

(a) ko > K1 > 4\/?and Ko — K1 < ﬁ, or
H1:H2<4ﬁ

(b) For M = [k, ko] N Selected Bs, we have
Y icns (Rank(Lag) — Rank(Lyp g3y)) - 2L >

a13y/7 2

11. Select an arbitrary pair i, ke satisfying the previ-
ous condition

12. For every element u revealed do

(a) If wt(u) = O§T, for some i € [k1,K2] N

SelectedBs and P U {u} € Z then do P «—
PuU{u}

13. Return P

PROPOSITION 4.1.  With probabilz'ty at least 1/8, if

YT < 25 then OPT(P) > %{;T and if max{wt(u) |
uEU}>;§%4tMnOPT()2;£ﬂ
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Proof. By Line 1 with probability 1/2 the classical
algorithm is employed (see Lindley [12] and Dynkin [7]).
Assume that this is indeed the case. As a result, with
probability at least 1/e, a maximum weight element is
returned.

PROPOSITION 4.2. If Y > 2% and max{wt(u) |
we Uy < OPT

< aegr then event A holds Y = Y and
OPT = OPT with probability at least 1/32.

Proof. Assume event A holds. Thus, we have
that Zi>0 OPT(BZL) Z ZiEC’oreBs OPT(BzL) Z
OPT

== and Rank(L) > Rank(U)/3.

> a0 OPT(BE) < OPT and the fact that € is selected
uniformly at random from {O , 2,3}, with probability
1/4 we have that OPT = OPT As L C U we have
that Rank(L) < Rank(U) . Since event A holds, by
the definition of T,T and the fact that n is selected
independently and uniformly at random from {0, 1,2},
implies that with probability 1/3 we have that T=".
Finally, since Theorem 3.1 asserts that the probability
that event A holds is at least 13, we conclude the propo-
sition.

By definition

16’

From here on we assume the following assumption
holds unless explicitly stated otherwise. Hence we do
not state that the assumption holds in any of the
succeeding propositions, lemmatta and theorems.

Assumptlon T =7 > 2% max{wt(u) | u €

Ul < 2?;’?, OPT = OPT and event A holds.

Now since OPT = OPT7 we have that BF = L; for
every ¢. So from here on, excluding in the description of
Algorithm 4.2, which appears further on, we shall use
Bls instead of L;s, OPT instead of OPT and Y instead
of T.

PROPOSITION 4.3. CoreBs C SelectedBs C GoodBs.

Proof. By definition for every i € CoreBs we have that
i € [[*°8X] + 11,27] and Rank(B;) > max{Z"-, ¥X}.
Since event A holds, for every i € CoreBs we have that
Rank(BF) > maX{Ql as ¥L1}/3. Hence by Line 9 for
every i € CoreBs we have that i € Sglgctest

Since max{wt(u) | v € U} < 2?6PTT,
7> f%} + 11 for every i € SelectedBs By Line 9
for every i € Selecte_st we have that ¢ < 27 and
Rank(BF) > maux{QT1 ,212} Hence by Line 9 for
every i € SelectedBs we have that i € [[©81] +
11,27] and Rank(B;) > max{ 2 YT ¥}, Thus, by the
definition of GoodBs, for every i € Selected Bs we have
that i € GoodBs.

we get that
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PROPOSITION 4.4. Let M =
Line 12 was reached, then Rank(P)

[k1, ko] N SelectedBs. If
= Rank(BE).

Proof. Algorithm 4.1 adds only elements from B to
P and therefore Rank(P) < Rank(BY). Assume for
the sake of contradiction that Rank(P) < Rank(BL,).
Let Z C Bf be a basis of BY,. Since Rank(P) <
Rank(B) = |Z|, by the properties of matroids there
exists z € Z \ P such that {2} U P is independent. Yet
this cannot be true since it implies that Algorithm 4.1
would have added z to P.

LEMMA 4.1. If Line 12 was reached, and ko = K1 <
~ OPT

4T, then OPT(P) >

216/Y °
Proof. Set i = k1. Since the condition of Line 10 is
satisfied, we know that OPT(BL) > 213%. Hence

Rank(BE) >

21327\/? Now as i € SelectedBs we

have that ¢ > (%] + 11 and therefore Rank(BF) >
4v/Y. We also have Rank(BF) > Rank(BF) — 4 -
log (Y) - \/Rank(B;) > Rank(BF)/2, where the sec-
ond inequality is because event A holds, Rank(BF)
4/ and T > 26*.  Consequently Rank(BF)

Rank(BF)/2. Proposition 4.4 asserts that Rank(P)
Rank(BE) Rank(Bf) and hence OPT(P)

OPT(BF) > OPT(BF)/2.

THEOREM 4.2. If Line 12 was reached, and ko > K1
4T, then OPT(P) > OPT

— 216/ "
Proof. Let M = [k1, k2] N SelectedBs. Observe that

for every i € M we have that Rank(P N BE) >

v IV

v

Rank(P) — Rank(Bﬁ[\{i}) and hence
OPT(P) =
DM Rank(P N BfF). 20T >

OPT
PXE

D ieM (Rank( ) — Rank(B M\{z}))'

Proposition 4.4 asserts that Rank(P) = Rank(BL,) and

thus,
(4.1)

OPT(P) > Y (Rank(Bﬁ) Rank(BJ i, }))
ieM
Since event A holds and SelectedBs C GoodBs, by
Proposition 4.3, we have that
Rank(BE) —

Rank(B%Y,) — Rank(Blﬁ\{ 3

and therefore together with (4.1)
OPT(P) >
42) Siem (Rank(BJLM) Rank(Bly, , Q%—

OPT
ZZEM

OPT

Rank(By) M\{i })

—16-71- \/ Rank(BM)

Rank B]\/[ .
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According to Line 10b

(4.3)
OPT OPT
Z Rank(BEL,) — Rank(BM\{ ) >
ieM ( ) 28VT

By Proposition 3.2 and Proposition 3.3

(4.4) Y iem Rank(Byy) - OPT <
Y Sen 16T - Rank(B Bt OFT < s

The theorem follows from (4.2), (4.3) and (4.4).
Proof of Theorem 4.1 Recall that O/P\T > OPT

by definition. By Proposition 4.1, if T < 26¢ or

max{wt(u) | v € U} > LFPL | then OPT(P) >

2?61?/%, 9L} with probability at least 1/8. As-
~ OPT

sume that T > 264 and max{wt(u) | u € U} < YT

By Proposition 4.2 event A holds T =17 and OPT =
OPT with probability at least 1/32. With probability
1/2, Algorithm 4.1 does not employ the classical algo-
rithm. Hence it reaches Line 10. By Lemma 4.2 and
Theorem 4.2 if the condition in Line 10 does not hold,

then OPT(P) > 2?5; If the condition in Line 10 does
hold, then P is the set returned by Algorithm 4.2, which
appears in the following subsection. By Theorem 4.3,

which also appears in the following subsection, we have

OPT
that OPT(P) > OFL.

min{

4.1 The Protection Algorithm The pseudo-code
for Algorithm 4.2 (the protection algorithm) appears
further on and is essential for understanding what is
written in this text. Note that all the matroid related
operations used in Algorithm 4.2 can be done by using
only an oracle to the matroid.

Algorithm 4.2 starts by creating a partition of
SelectedBs into sets (Tubjs) bounded in a range of
size at most VT (recall that we assume that T = T).
Elements will be selected from either buckets whose
index is in T'ub;s, where j is odd, or from buckets in
Tub;’s, where j is even, but not both. The decision on
which of the two options is selected is made on Line 3.

The importance of the T'ub;s is that they replace the
magic oracle described in Section 2. Specifically, the fact
that Algorithm 4.2 was employed implies the following.
For each Tub; if OPT(Lrys,) is sufficiently large there
exists i such that OPT(L;) is sufficiently large and the
following holds: Rank(Lrup, ) — Rank(Lrup, \{i}) <

%(Li) (on Line 4c), where ¢(4) is the index of the T'ub
that contains ¢ as defined in the pseudo-code. Thus,
LTubt(i)\{i} could have been used in order to protect
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L; in the same manner as was done with a basis given
by the magic oracle described in Section 2. Regretfully,
Ly, \{i} 18 only known after all the elements of L; are
revealed. However, all is not lost since the concentration
results implies that LTubtm\{i} can be used to protect
R;.

The exact manner in which the protection is im-
plemented can be seen in Line 6a. Observe that each
Tub is used to protect exactly one Bucket. That is only
elements from such protected buckets are selected and
elements from other buckets are ignored. Thus ideally
we would have wanted the Tubs to have a range that is
as small as possible. Nonetheless the range of each Tub

is @(ﬁ ), since having a smaller range would increase
the competitive ratio of the simple algorithm.

Note that using protection may cause damage by
preventing the selection of elements from buckets of
lower element weight. In Proposition 4.7 we show that
using this damage is bounded damage because of the
following. Every protected bucket has a rank that is
significantly larger than that of the union of all elements
used to protect buckets of larger element weight.

ALGORITHM 4.2.

1. S«—0,v+—0

2. For every j € [ﬁ] do

(a) Tub; —  [VIE+),VTE+))) N
SelectedBs
(b) t(7) — j  for every i €
VIE+ ), VT + )
3. If >

2 R, 2kerub, OPT(Ly)
Zje[\/?]nNo > kerup, OPT (L), then do v +— 1

For every j € [ﬁ]ﬁNy, if there exist ¢ € T'ub; that
satisfy the following pick one of them arbitrarily
and do S «— SU{i}

4.

oPT
() Lreru, OPT(Li) > OTL

ZkETubj OPT(Lx)
4]Tuby|

— Rank(LTub]\{l}) <

(b) OPT(L;) =
(¢) Rank(Lru,) Rank(Ls)

For every ¢ € S do

(a) Heavyy) «— Uk<z’,keS,jeTubt(k>\{k} L;

For every element u viewed, if wt(u) = 2£L, for

some ¢ € S, then do

Copyright © SIAM.
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(a) If Rank({u} U P U Heavyys;)) > Rank(P U
Heavyy;y) then do P +— P U {u}

7. Return P

THEOREM 4.3. Let P be the set returned by Algo-

) oPT
rithm 4.2, then OPT(P) > VT

Proof. In Lemma 4.2, which we prove further on, we
show that for every i € S we have that Rank(BF N P)
is at least

Rank(BL)f
(Rank(Bk,,) = Rank(Bk,, () -
(QRWHW@) +2 e ke Rank(BJY) ) —
16-71 - Rank:(B%ubt(i)).
Since the condition of Line 4c is satisfied, for every
i € S we have that

Rank(BL)
—

Proposition 4.7, which we prove further on, asserts that

Rank(B%ubm)) Rank(B Tubt()\{z}) <

Rank(BF)

2Rank(Heavyy(;y) + 2 Z Rank(Bf) < B

keS,k<i

for every i € S. Now by the fact that SelectedBs C
GoodBs by Proposition 4.3, Proposition 3.2 and Propo-
sition 3.3 imply that

Yics Rank( Bt(z) OPT <
3
5o 16T - Rank(B,)} - 2T < o

Thus, OPT(P) is at least
Yies OPT(B' N P) >

Rank(BE Rank(BF OPT
ZieS (Rank(BzL) - 2( 0 32( : )> : OQPL'T_
OPT
220,/

Finally by Proposition 4.6, which we prove further on,

we have that Y.._o OPT(BEF) > 052 and the theorem
follows.

i€S

PRrROPOSITION 4.5. Leti € S, then

Rank(P U Heavyyi) U Bff UU,egp<s BE) =
Rank(P U Heavy;y U UkeS,k<i B,f’).

Proof. Assume for the sake of contradiction that the
proposition does not hold. Let Z be a basis and subset
of PU Heavy ;) U BF U Uresr<i BE. Since

Rank(P U Heavy; U B U Ukes.k<i BE) >
Rank(P U Heavy ;) U UkeS,k<i B,
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there exists z € ZN BJ* such that {z} UPU Heavy,;) U
Ukes.pes B is independent.  Yet this cannot hap-
pen since z satisfies the condition on Line 6a of Algo-
rithm 4.2 and hence z € P.

LEMMA 4.2. Leti€ S, then Rank(Bf N P) is at least

Rank(BEF) — (Rank(B%ubt ) — Rank(B Tubt()\{z}))
—2Rank(Heavyy(;y) — 2 Zkes i Rank(Bi)—

16-7 -, /Rank(BTubf(l))

Proof. Let Y = Heavy,;y U Uke&k« B}, Since Propo-

sition 4.5 asserts that Rank(PUY UBE) = Rank(PUY)
we get that

Rank(PUY U BTub o\ 0) =

Rank ((P UY UBR U (BE,, Y B! ))

Hence

Rank(PUY U BTub (1:%\{ })

Rank(P UY UB;)+
Rank(Bk Tubis\{i} Y BE) — Rank(BE)

Thus, again by Proposition 4.5,

Rank(PUY U B%ubt( )\{Z})

(4.5) Rank( ) + Rank(Y )+
Rank(Bf,,, \(y U BF) — Rank(BF)
We also have
Rank(PUY U BTub ey \{i i) 2
Rank ((P \ (BR U Y)) U BTuba H\{7 })

As a result of the condition in Line 5a, we get that

Rank(PUY UBL,, ., }) >
Rank(P\ (Bff UY)) + Rank(BF; Tubuy\(i})-

Therefore,
L
Rcmk(P Uy u BTubf( H\{i })
(4.6) Rank(P) — Rank(Y )

Rank(P N BE) + Rank(Bk Tuby(;)\{i })

By Equation 4.5 and Equation 4.6 we get that
Rank(P) + Rank(Y)+
Rank(B%ubt(_>\{i} U Bf) — Rank(BE) >

Rank(P) — Rank(Y )
Rank(P n BR) + Rank( Tuby 3y \{i })

The lemma follows since event A holds.
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LemMma 4.3.  Let j € [VI] N N, and

> icran, OPT(B)) > ;7’7? then Tub; NS # 0.

Proof. Let T be the set of all ¢ € Twub; such that
2keru, OPTBL)

OPT(BF) > AFas;] . Assume for the sake of

contradiction that Tub; N S = (. Since for every i € T'
the conditions in Line 4a and Line 4b hold, we infer
that for every ¢ € T the condition in Line 4c does not
hold. Thus, for every i € T' we have that Rank(B%ubj)—

Rank(BE Tub,\{i ) = Rank(BL)/2. Consequently,
(4.7)

dier (Rank(BYL“ub,) Rank(Bf Tubj\{i })) - O3 >
oPT(BL)
dlier — 3
Observe that
Yierun,\r OPT(B]) <

|Tub | kETub; OPT(B;) ZkETubj OPT(By)
e A Tub; ] < S
and therefore
> ier OPT(BF) >

Sieru, OPT(B}) = ¥scrup7 OPT(B]) >
3-Zkembj OPT(BE)
1 .

(4.8)

As a direct result of (4.7) and (4.8
T C Tub; we get that

EieTubj (Rank(B%ub ) — Rank(B%: Tub\{i })) % >
3'Zkgnbj OPT(B})
1.2

) and the fact that

OPT
213/Y "

This implies that the condition in Line 10b of Al-
gorithm 4.1 is not satisfied, which implies that Algo-
rithm 4.2 was not executed. Hence a contradiction.

L OPT
OPT(BF) > 9L

Proof. Let T be the set of all j such that Tub; NS # 0.
By Line 4b and Lemma 4.3 we have that

PROPOSITION 4.6. . ¢

>ics OPT(BE) >
» fkembt( , OPT(BY)
( . ) ZzES 4‘T7J'bt(b)| >

4f ZzES ZkeTubt( D OPT(BL)

where the second inequality is because [T'uby|
VY for every i € S, by Line 2a. Observe that
by definition g ZkETubt(i) OPT(BE) is at least
> iesetecteans OPT(BE) minus the following

2 iV OPT(Bf)+

2 e[VT)N:_y 2keTub, OPT(Bj;)+
ZjE([\/T]ﬂN,,)\T ZkeTub_,» OPT(B,%)

(4.10)
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where the last inequality is by Proposition 3.1.
Line 3 we have that

> > OPT(Bf) <

je[\/T]Mley k€T ub;

By

3 OPT(Bf)

keSelectedBs

By Line 4a we have that 3, o7, OPT(BE) <
for every j € ([VY]NN,)\ T and hence

> > oPr( Bk)<f20852 O;T.
FEVIINN,)\T kETub,

As the conditions of Line 10 of Algorithm 4.1 hold for

28T

every i € [4v/Y] we have that OPT(BF) < ;ZF\);T? and
therefore o
OPT
L
Y oPT(B}f) < 5
i€[4vT]
Together with (4.9) and (4.10) we get
Yies 2onetub,,, OPT(B) =
OPT(Bf
ZiESelectest OPT(‘EQ - Z/i\GSelectest #_
OPT _ O2IZT
2

The proposition follows, since event A holds and
hence by Proposition 4.3 we have that CoreBs C
SelectedBs C GoodBs and thus

Dies EkeTubtm OPT(Bf) =

Z OPT(B.L) >

i€SelectedBs

Z OPT (B ) > OPT
i€CoreBs 4 = 716

and together with Equation 4.9 we conclude the Propo-
sition.

PROPOSITION 4.7. Leti € S, then Rank(Heavy,;)) +
D keSk<i Rank(Bj}) < Rank(Bf")/2%.

Proof. Since the conditions of Line 4a and Line 4b,

Line 2a the maximum weight of an element in Tuby;

OPT VT (4+t(4))
OPT L 2
m and hence Rank(Bl ) > 1987

the T is because |T'uby ;| < VT, by Line 2a. According
to definition OPT(Heavyys) U Upeg pei Bi) < OPT.
By Line 5a the minimum weight of an element in

R OPT
Heavy ;) U UkeS,k<i B, is VT (L) —2)

is where

and therefore

Rank(Heavyiy U Upespes BE) < 2VTBH(®) - Conse-
quently,
Rank(H eavy,; UUkeS,qullj) 4.9287

Rank(BL) VT

The proposition follows since T > 264,
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