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Abstract

Learning reasoning techniques from previous knowledge
is a largely underdeveloped area of automated reason-
ing. As large bodies of formal knowledge are becom-
ing available to automated reasoners, state-of-the-art
machine learning methods can provide powerful heuris-
tics for problem-specific detection of relevant knowledge
contained in the libraries. In this paper we develop a
semantic graph kernel suitable for learning in structured
mathematical domains. Our kernel incorporates contex-
tual information about the features and unlike “random
walk”-based graph kernels it is also applicable to sparse
graphs. We evaluate the proposed semantic graph ker-
nel on a subset of the large formal Mizar mathemati-
cal library. Our empirical evaluation demonstrates that
graph kernels in general are particularly suitable for the
automated reasoning domain and that in many cases
our semantic graph kernel leads to improvement in per-
formance compared to linear, Gaussian, latent semantic,
and geometric graph kernels.

1 Background and Motivation: Automated
Reasoning and Machine Learning

In the last fifteen years, the body of formally expressed
mathematics has grown substantially. Interactive Theo-
rem Provers (ITPs) like Coq, Isabelle, Mizar, and HOL
[27] have been used for advanced formal theory develop-
ments and verification of non-trivial theorems, like the
Four Color Theorem and Jordan Curve Theorem, and
also for advanced verification of software and hardware
models. The large formal Mizar mathematical library
(MML)* contains today nearly 1100 formal mathemat-
ical articles, covering a substantial part of standard un-
dergraduate mathematical knowledge. The library has
about 50000 theorems, proved with about 2.5 million
lines of mathematical proofs.

Such proofs often contain nontrivial mathematical
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ideas, sometimes precised over decades and centuries of
development of mathematics and abstract formal think-
ing. Having this kind of a “knowledge base of abstract
human thinking” in a completely machine-processable
and machine-understandable way, presents very inter-
esting opportunities for application and development of
novel artificial intelligence methods that make use of
the knowledge in various ways. A concrete and pressing
task, for which novel machine learning techniques are
needed, and on which we focus in this paper, is selec-
tion of relevant knowledge from the large formal knowl-
edge bases, when one is presented with a new conjecture
that needs to be proved. Providing good solution to this
problem is important both for the mathematicians, and
also for the existing tools for automated theorem prov-
ing (ATP) that typically cannot be successfully used
directly with tens or hundreds of thousands of axioms.
It has been recently experimentally demonstrated with
large theory benchmarks like the MPTP Challenge? and
the LTB (Large Theory Batch) division of the CASC
competition® that smart selection of relevant knowledge
can significantly boost the performance of existing ATP
techniques in large domains [24].

There are a number of different techniques and
approaches used for learning (extracting, generalizing)
knowledge from large bodies of previous examples. In
this paper we focus on the widely applied kernel-based
and latent semantics approaches, and their suitable
combination and evaluation on the formal mathemat-
ical domain. The available information in formal math-
ematical domains is frequently represented in structured
form (such as a formula graph and a proof graph).

Kernel-based approaches [19] for learning in struc-
tured domains appear to be ideally suited for solving
machine learning problems in the domain of computer-
assisted reasoning. They sidestep the need for hand-

Zhttp://www.tptp.org/MPTPChallenge

Shttp://www.tptp.org/CASC

4Generally, a particular formula can have associated to it a
number of mathematical structures (models), which are typically
(hyper)graphs.  Thus, committing treatment of formulas to
methods relying, for example, on tree representation could turn
out to be limiting.
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crafted features and can directly deal with the struc-
tures, in particular formula and proof graphs, encoun-
tered in this domain. The implicit, non-vectorial rep-
resentation induced by kernel approaches is potentially
much richer and can be further enhanced by design-
ing appropriate kernels to incorporate prior knowledge
about the domain (e.g. particular features of logic for-
mulas). Compared to other application domains for
structured learning, such as natural language processing
and bioinformatics, formal mathematics has the advan-
tage of being indisputable: there is a precise notion of
semantics and truth, based on a precise notion of math-
ematical proof.

Informally, the task we aim to solve in the domain of
computer-assisted reasoning is of selecting from a large
knowledge base Z of thousands of theorems those that
are most relevant for proving a new formula x. We can
turn this into a learning problem as follows. For each
theorem t € Z we construct a dataset Dy consisting of
formulas {x;}/”, as inputs and labels {y;}/2; € Y =
{0,1} as outputs. The label y; corresponding to a
formula x; is 1 if the theorem t is used (possibly also
recursively, etc.) to prove formula x; and zero otherwise.
Based on the dataset Dy, an algorithm can learn a
classifier C¢(-) which, given a formula x, as input, can
predict whether the theorem t is relevant for proving x,,.

Typically, classifiers give a graded output. Having
learned classifiers for all theorems t, the classifier pre-
dictions C¢(x,) then can be ranked: the theorems that
are predicted to be most relevant will have the highest
output Ct(x,).

1.1 Notations The set of all n x m matrices with
real coefficients is denoted by M, xn(R). Given a
matrix M € M, xm(R), we denote the element in the
i-th row and j-th column by [M], ;. As a shorthand
notation for the set {1,...,n} we use [n]. For two sets
R ={i1,...,ir} C [n]and S = {j1,...,Js} C [m] of
indices, we use Mz s to denote the matrix that contains
only the rows and columns of M that are indexed by R
and S, respectively. At last, we use y; to denote the i-th

coordinate of a vector y € R™.

2 Methods and Technical Solutions:
Kernels for Mathematical Domain

Graph

Recently, kernels for structured domains have received
significant attention in machine learning (see e.g. [9]).
Many successful applications have been reported, for
example, predicting the toxicity of chemical molecules
[26], protein function prediction [3], etc. The domain of
formal mathematics provides its own challenges, such as
the abundance of structured and symbolic information,
the existence of many related tasks, and the need to
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deal with abstractions. All these should be taken into
account when designing and /or using appropriate kernel
function.

2.1 Geometric Graph Kernels Graph kernels are
usually applied in situations where a graph-based struc-
ture/annotation is naturally present. For a thorough
overview of graph kernels and their efficient computa-
tion we refer to [26]. Here we are concerned with ge-
ometric graph kernels (frequently applied kernel func-
tions for computing similarity between graphs) [10]. In
the following subsection we formulate a semantic graph
kernel for the automated reasoning domain.

Let us define £ = {I,},r € N to be the index set of
all possible labels that could occur in the graph. Also,
let G = (V,E,h) be a graph consisting of the ordered
set of vertices V = {v1,v9,...,v,}, the set of directed
edges F C V x V, and a function h : V — L that
assigns a label to each vertex of a graph. A vertex v; is
a neighbour of another vertex v; if they are connected
by an edge, namely (v;,v;) € E. A walk of length n
on graph G is a sequence of indices ig,%1,.. .4, such
that (v, ,,v;,) € E for all 1 < r < n. We suppose
that the function h is represented as a label allocation
matrix L € M z|xy|(R) so that [L]; ; = 1 if the label
of v; is I; and O otherwise. The adjacency matrix
A € Mjy|xv|(R) having the rows and columns indexed
by V and where

1, if (vi,v5) € E
[Ai; = !
0, otherwise

corresponds to the edge set of the G. In our definitions
we do not allow self loops, that is the diagonal entries
of A are always zeros.

We will consider two different kernel functions to
compute the similarity between graphs G and G’. The
first one, called the direct product kernel [10] is con-
structed as follows. The vertex set of the graph G«
that would take into account common walks between
the vertices of the G and G’ is Vx C V x V'. The graph
G« has a vertex iff the labels of the vertices in the cor-
responding graphs G and G’ have the same label. Fur-
thermore, there is an edge between the vertices in the
graph G iff there are edges between the corresponding
vertices in both graphs G and G’. Let us denote the
adjacency matrix of the graph G« as Ax. The direct
product kernel [10] then reads

Vx| T oo
k(GG =) [Z w, A"

i,j=1 Ln=0

(2.1)

)

,J

where w,, € R,w, > 0, is a typically monotonically
decreasing sequence of weights. This kernel can be
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computed efficiently using exponential or geometric
series, if the limit in (2.1) exists.

As a second example we consider the kernel which
measures similarity based on the start and the end
vertices of the random walk. We use the fact that
[A"];,; is the number of walks of length n from vertex
v; to vertex vj, where A™ denotes the nth power of the
adjacency matrix of the graph G. Moreover, if the labels
of the graph vertices are taken into account, [LA"LT], ;
corresponds to the number of walks of length n between
vertices labelled [, and [;.

We denote by (M,M’)r the Frobenius prod-
uct of matrices M and M’', that is, (M,M")p =
> [M]i j[M']; j. Further, let v € My, (R) be a pos-
itive semidefinite matrix containing coefficients penal-
izing long walks. The kernel k,, between the graphs G
and G’ can be defined as follows:

(2.2)
k. (G,G") =
n ; i 1T
Z‘ig‘:o Mir,Lj<LA1’LTa L/A/]TL/ )F :j -

s,t=1 i,j:o[’Y]i,j [LA'LT ] [L AP L ] 4.
Several specializations of this kernel function lead to
different feature spaces and consequently have very
different interpretations. If, for example, we set []; ; =
0°07, where # € Rt is a parameter, we obtain the kernel

(2.3)
X "N _ : i At TT 17/ S YWUVAR )
kn(G,G)_<L<iz_:09A)L ,L(ZGA >L Ve,

j=0

which corresponds to the inner product between the
feature vectors of the G and G’, where features ¢ ,(G)
and ¢ +(G') are the weighted count of walks of length up
to n from the vertices labelled I, to the vertices labelled
l; in each of the graphs. On the other hand, if we set
in (2.2) [y]i; = 0° when i = j and zero otherwise,
we can obtain the kernel corresponding to the inner
product with features ¢; s (G) and ¢;,(G’) that can
be interpreted as §° times the count of walks of length
1 from the vertices labelled I, to the vertices labelled [;
in each of the graphs.

2.2 Semantic Graph Kernels With semantic
graph kernels defined below, we aim to take into account
the co-occurrence information of the features (random
walks) contained in the whole set of the graphs used for
training of the algorithm. This is in contrast to the pre-
viously described geometric graph kernels that measure
similarity between pairs of graphs without taking any
additional (contertual) information into account. Fur-
thermore, the feature space constructed using a seman-
tic graph kernel can contain walks between sparsely con-
nected parts of the graph if such connections are present
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in the other training examples. This can make semantic
graph kernels applicable to situations where geometric
graph kernels might not lead to satisfactory results. Our
approach is related to latent semantic indexing (LSI) [6]
formulated within the framework of kernel methods [5].

Let us consider the graph-label matrix H €
Mz2%m(R) having, for example, the following form
H. ;= vec(L(Y ,0'A")LT) = ¢(G). By performing a
singular value decomposition (SVD) of the matrix H we
can project graphs onto the subspace spanned by the
first p singular vectors to create a new dimensionally
reduced feature space. Also, one can vary the dimen-
sionality of the feature space by making a particular
choice of p. We have H = UXVT and assume that
the columns of U are the singular vectors of the feature
space in order of decreasing singular value. Then, the
projection operator on the first p principal components
is I,UT, where I, is the identity matrix with only the
first p nonzero diagonal elements. Now we can use the
dimensionality reduced feature space to calculate the
similarity between two graphs

kso(G, G (LUT$(G) " (L,UT$(G"))
= S(@)'ULUTH(G).

(2.4)

This kernel function uses a particular mapping to iden-
tify highly correlated features in two graphs. Unlike pre-
viously proposed graph kernels that take into account
only features contained in graphs G' and G’, here the in-
formation about features (random walks) that are most
important in the complete training dataset is implicitly
present. For example, the random walks that co-occur
very often in the same graph of the training set are cre-
ating new single dimension of the new feature space.

Consider a kernel matrix having the form K =
HTH that can be computed using the kernel described
in equation (2.3). The kernel matrix constructed with
the semantic graph kernel (2.4) is Kso = VA,VT,
where V' are the eigenvectors of K and A, is a diagonal
matrix with only the first p nonzero eigenvalues. Thus,
to compute the kernel matrix Ky, we do not need to
construct H explicitly. The same approach can be used
to construct a semantic kernel matrix corresponding
to the graph kernel (2.1). To make a prediction we
consider a column vector k = HT¢(G’) that can be
computed using the appropriate graph kernel function,
for example, (2.3) and calculate

f(G") 2211 aiksa(Gi, G')
= aTVIpVTk.

When constructing the kernel matrix or making a pre-
diction we avoid dealing with the feature vectors of the
graphs explicitly. However, in some circumstances, ex-
amining new features created by our kernel could pro-
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vide additional insights about the problem domain. For
this purpose we employ a simple stochastic search algo-
rithm that aims to reconstruct input space representa-
tion of the projected feature vector of the graph. We
note that this “feature discovery” task is related to the
graph pre-image finding problem described in [2]. How-
ever, our task is simpler because the set of vertices is
fixed and we only need to discover edges of the graph
corresponding to the new features created by our kernel.

2.3 Kernel-Based Learning Algorithm We use
kernel functions, proposed in Section 2, together with
regularized learning algorithm that selects hypothesis
from the reproducing kernel Hilbert space H, deter-
mined by the input space X and the positive definite
kernel function k& : X x X — R (for details see [18]). We
aim to minimize following objective function

(2.5) min J(f) = e(f, D) + Allf I

where ¢(-,-) is the loss measuring the error of the pre-
diction function f on the training set D, || - || denotes
the norm in H, and A € R* is a regularization pa-
rameter controlling the tradeoff between the error on
the training set and the complexity of the hypothe-
sis. Note that by specializing the loss in the above
formulation we can obtain support vector machines
[25] (by choosing ¢(f,D) = >.* max(1 — y; f(x;),0))
or regularized least-squares (RLS) [16] (by choosing
c(f, D) =>" (yi — f(x:))?). The RLS algorithm with
slight modifications (e.g. including the bias term) is
also known as least-squares support vector machines
[22], proximal vector machines [8], kernel ridge regres-
sion [17], and is closely related to many other methods.
It has been shown that the RLS algorithm have a clas-
sification performance similar to the regular SVMs (see
e.g. [11, 28]). Because of its simple closed form solution,
yet competitive performance, the RLS algorithm is our
choice for conducting experiments.

3 Application to Automated Reasoning

In the previous sections we have described and proposed
kernels for structured representations that could be
useful when learning from mathematical data. In this
section, we give a concrete example of an application of
the presented kernels to the task of automated reasoning
and demonstrate notable improvement in performance
when taking into account graph-based structure of the
formulas.

Datasets We test the performance of our method on
two subsets of the formal Mizar mathematical library®.

5Publicly available at http://www.mizar.org
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The first subset contains ten datasets each consisting of
530 examples®. The second subset contains ten datasets
each consisting of 347 examples’. A single dataset
corresponds to a binary classification task where it is
necessary to predict whether a particular formula is
useful in proving some theorem (see Section 1). We
note that several datasets were recently used to evaluate
performance of the ATP systems® in the domain of
automated reasoning and it has been demonstrated
that heuristics for selecting relevant knowledge can
significantly boost the performance of existing ATP
techniques in large domains [24]. Below we briefly
discuss existing feature representations that have been
previously used in automated reasoning systems and
their relation to several kernel functions.

Existing Feature Representations Depending on
the structure of the particular mathematical domain,
there are several possible kinds of features that can be
more or less suitable for characterizing the formulas.

Symbols (functors, predicates, etc.).

This is the most obvious and probably most commonly
used characterization of mathematical formulas. The
formula is simply characterized as a set or list or
multiset of the mathematical symbols that it uses.
Mathematical punctuation (brackets), logical connec-
tives and quantifiers, and also variables are typically
omitted from these characteristics. Thus, for exam-
ple, the formula: forall n:Nat (n < n+1) will be
characterized by predicate symbols <, functor symbols
+, 1, and possibly a type symbol Nat. Note that for
pure first-order automated reasoning, type symbols
are not part of the basic logic, so they are typically
translated to predicates. The feature representation of
the above formula will thus be as follows: [<,Nat,+,1].
This representation was used e.g. for the first version
of the MaLARea system [24]. This feature represen-
tation is also used with linear kernel in our experiments.
Symbols (functors, predicates, etc.) wvia latent se-
mantics.

This is a modification of the above method used exper-
imentally e.g. in the SRASS system [21] for formula
ordering. The symbols are treated as words and the
formulas are treated as documents, and latent semantic
analysis techniques are used to suitably transform the
set of original symbols into a derived set of abstract
“similar symbol” classes and analogously the same for
formulas. Latent semantic kernel allows us to construct

SConsisting of the formulas involving sin/cos expressions

"No restriction on the content of the formulas
8http://www.tptp.org
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similar feature space.

Subterms and subformulas.

While some theories introduce and use concepts and
notation a lot, some other theories use just a basic
set of predicates and functors. This is predominantly
of mathematical style and conventions. For example,
all of the Mizar mathematical library can be today
expanded just to the basic set-theoretical notation,
using only the membership and equality predicates.
If a theory is expressed in such a concept-economical
way, the potential of the symbol-based characterization
is very poor. On the other hand, there will be many
typical repeated patterns in such formulas.

Term and formula patterns.

Not only variables in terms and formulas can be
normalized, but also the functor and predicate symbols
can be treated as just a structural phenomenon, and
their name (label) abstracted away. This way of
pattern extraction was experimentally implemented by
Stephan Schulz in the E prover [20]. Such techniques
are generally useful for drawing analogies between
different theories (using different symbol naming).

Models of formula.

A feature characterizing a formula in a much more
“semantic” way rather than just a symbolic way can be
chosen from large representative set of models of the
formula. This is again a very simple “bag of models”
characterization of the formula. This was also quite
successfully used in the latest version of MaLARea [24].

Proposed Feature Representation Designing and
extracting previously described features from the Mizar
mathematical library can be a tedious task, requiring
significant amount of preprocessing, and the structure
of the formula might not be retained. Alternatively,
one can design a feature space and take into account
natural representation of the formula with graph
kernels, as described in Section 2. Let us consider an
example depicted in Figure 1.

Random walk features.

The adjacency matrix of the graph allows us in addition
to simple unigram features (labels of the vertices e.g. m,
n, prime, etc.) to obtain feature bigrams correspond-
ing to the edges of the graph e.g. m-prime, m-power,
and-implies, etc. If we consider the second power of
the adjacency matrix in the presented example, that is,
the walks of length 2 in the graph representation of the
formula, we obtain a walk between two vertices if they
are connected with an edge with some other vertex in
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the formula e.g. m-and, prime-implies, a-and, etc.

These bigram features allow the algorithm to iden-
tify pairs of predicates, functors, and other combina-
tions that are commonly linked. Further, if erroneous
formulas are provided in training, the algorithm also has
the opportunity to learn to avoid links between predi-
cates/functors that should not be linked. If we consider
the higher powers of the adjacency matrices, we obtain
new features, e.g. m-implies, a-implies pairs in the
third power. How these features are weighted, com-
bined, etc., depends on particular formulation of the
graph kernel.

Learning Algorithm and Parameters We conduct
the experiments using the regularized least-squares
(RLS) algorithm [16]. We evaluate the classification
performance of the algorithm using five kernels: lin-
ear, Gaussian [19], latent semantic [5], geometric graph
(2.3), and semantic graph (2.4) denoted as ki, kcauss,
kspn, ko, and kg respectively. The RLS has one reg-
ularization parameter controlling the tradeoff between
the error on the training set and the complexity of the
hypothesis. In addition when using kq,yuss the width, for
ksem, kse the number of principal components, and for
ke, ks the decay coefficient and the length of the walk
has to be estimated. To find optimal regularization and
kernel parameters we use a 10-fold cross-validation pro-
cedure on the training set.

Experimental Setup We treat the problem as a
binary classification task, where the formula useful in
proving a theorem belongs to the positive class and it
belongs to the negative class otherwise. For each of the
ten datasets two thirds of the examples are used for
training, while one third is reserved for testing. On the
training set we use 10-fold cross-validation to estimate
optimal parameters. We select parameters that on
average lead to the best performance over 10-folds.
With these parameters fixed, we retrain the algorithm
on the training set (two thirds) and test it on the test set
(one third). Finally, we repeat the complete procedure
on a 10 times re-randomized dataset and average the
results. We evaluate performance of the classifier using
AUC (see e.g. [4]) - the area under the ROC curve that
is equal to the probability that the decision function
assigns a higher value to a randomly drawn positive
example rather than randomly drawn negative example.
The obtained results for the datasets are reported in the
Table 1 and 3.

It can be observed that using graph kernel functions
consistently leads to better classification performance
compared to the kernels that do not take structural
representation of the examples into account. The results
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Table 1: Classification performance in AUC of the RLS algorithm with the k¢, ksq, ki, ksen, and kgauss kernel
functions on a subset from the Mizar library consisting of 10 datasets, each containing 530 examples. The datasets
consist of the formulas involving sin/cos expressions. Bold numbers indicate the method with the best score on
the particular dataset.

DATASET ke kso ks kseu Ecauss
Dy, 0.751 0.759 0.675 0.747 0.734
Dy, 0.993 0.991 0.957 0.976 0.981
Dy, 0.673 0.651 0.652 0.656 0.658
Dy, 1.000 1.000 0.992 1.000 0.995
Dy, 0.942 0.945 0.751 0.827 0.856
Dy, 0.712 0.706 0.705 0.693 0.685
Dy, 0.589 0.589 0.539 0.558 0.567
Dyg 0.718 0.733 0.593 0.685 0.699
Dy, 0.594 0.589 0.581 0.571 0.582
Dy, 0.991 0.991 0.955 0.977 0.963

Table 2: Classification performance in AUC of the RLS algorithm with the k¢, ksq, ki, ksem, and kgauss kernel
functions on a subset of Mizar library consisting of 10 datasets, each containing 530 examples. The datasets
consist of the formulas involving sin/cos expressions. In this experiment 30% of the functors have different
syntactical representation but the same meaning. Bold numbers indicate the method with the best score on the
particular dataset.

DATASET ke kse kv kseu kcavss
Dy, 0.674 0.699 0.677 0.676 0.676
Dy, 0.938 0.958 0.898 0.898 0.903
Dy, 0.573 0.621 0.559 0.560 0.583
Dy, 0.981 0.981 0.975 0.973 0.980
Dy, 0.557 0.583 0.555 0.559 0.562
Dy 0.574 0.591 0.543 0.543 0.562
D, 0.501 0.529 0.505 0.509 0.512
Dyg 0.636 0.641 0.573 0.573 0.585
Dy, 0.523 0.556 0.511 0.521 0.534
Dty 0.948 0962 0.931 0.927 0.947

Figure 1: Example of the formula for Fermat’s Little Theorem: prime(m) and relative_primes(a,m) implies
(power(a,m) mod m = a mod m) .
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Table 3: Classification performance in AUC of the RLS algorithm with the k¢, ksq, krix, ksem, and kgauss kernel
functions on a subset from the Mizar library consisting of 10 datasets, each containing 347 examples. There is no
restriction on the content of the formulas in the datasets. Bold numbers indicate the method with the best score
on the particular dataset.

DATASET kq ksa K Ksen Kaauss
Dy, 0.620 0.620 0.577 0.577 0.552
Dy, 0.867 0.906 0.842 0.845 0.834
Dy, 0.729 0.718 0.696 0.696 0.691
D, 0.857 0.844 0.820 0.824 0.830
D, 0.656 0.641 0.638 0.638 0.639
Dy, 0.708 0.689 0.647 0.658 0.667
D, 0.754 0.766 0.671 0.673 0.691
Dy, 0.990 0.982 0.987 0.987 0.981
Dy, 0.569 0.567 0.561 0.561 0.561
Dy, 0.880 0.871 0.801 0.801 0.824

Table 4: Classification performance in AUC of the RLS algorithm with the k¢, ksq, kuix, ksem, and kgauss kernel
functions on a subset from the Mizar library consisting of 10 datasets, each containing 347 examples. There is no
restriction on the content of the formulas in the datasets. In this experiment 30% of the functors have different
syntactical representation but the same meaning. Bold numbers indicate the method with the best score on the
particular dataset.

DATASET ke ksa ki Ksen Kcauss
Dy, 0.529 0.525 0.502 0.505 0.510
Dy, 0.579 0.607 0.536 0.536 0.522
Dy, 0.584 0.605 0.580 0.600 0.575
D, 0.580 0.612 0.587 0.594 0.603
Dy, 0.563 0.602 0.559 0.585 0.568
Dy, 0.559 0.574 0.554 0.558 0.559
Dy, 0.538 0.589 0.571 0.569 0.576
Dy, 0.812 0.804 0.673 0.668 0.752
Dy, 0.562 0.584 0.545 0.545 0.557
Dy, 0.840 0.868 0.848 0.858 0.843

Figure 2: Example of different phrasing of the same mathematical fact, and the corresponding parts of formulas.
The first formula & < k& + n iff 1 < n uses the non-strict version of integer ordering, while the second uses the
strict version, together with the successor function.
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on the datasets in case when some of the functors
are syntactically different but semantically represent
the same concept are reported in Table 2 and 4. In
these datasets, examples similar to the ones depicted
in Figure 2 are frequent. In several cases some of
the edges/vertices of the formula graphs are randomly
removed, simulating the setting of learning from the
dataset containing errors?. It can be observed that
proposed kernel kg, usually performs better compared
to the standard geometric graph kernel k., indicating
that taking into account the semantic similarity of the
graphs can improve classification performance. We
use the Wilcoxon signed-rank test [7] on the results
obtained from 10 independent runs of the algorithm
to estimate whether differences are significant. In all
cases except for the datasets Dy,, Dy, reported in Table
1 and D;g,D;g reported in Table 3 the differences for
the best performing method on a particular dataset are
statistically significant.

4 Significance and Impact

Encoding of large parts of mathematics in computer-
understandable form is becoming more common and
used by mathematicians. Large computer-assisted
proofs have appeared, for which human checking and
reviewing do not scale. Well-known examples are the
proof of the Kepler conjecture [12], and proof of the
Four Color theorem [1]. Formal verification of such ad-
vanced theorems is the only way how to make sure that
their proofs are correct. Such verification projects give
rise to large computer-understandable mathematical li-
braries of theorems and definitions for which develop-
ment of tailored search methods and automated reason-
ing advice are necessary.

The existing automated theorem proving technol-
ogy has been so far researched only in much smaller
settings. Standard methods like resolution proving suf-
fer from very large search space when used in large
libraries, which renders existing automated reasoning
systems practically unusable in large libraries without
suitable additional algorithms for heuristic premise se-
lection. For example, in the recent evaluation [23] done
over the whole Mizar library, the performance of state-
of-the-art automated reasoning systems like E prover
is negligible (2% success in proving of the Mizar theo-
rems) when used on the whole library of 50000 theorems
without any premise-selection method.

Symbol-based selection methods have been devel-
oped to provide initial solutions over medium-size prob-
lems [13], and heuristics like SiINE [23] already perform

YErrors can occur, for example, in datasets obtained from old

mathematical journals by digitization.
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reasonably well over large ontologies consisting mainly
of definitions, like SUMO [14] and Cyc [15]. However,
such methods are still relatively weak (15% success in
proving of the Mizar theorems, see [23]) in compari-
son with human-based premise selection when used on
very large libraries with complicated proof structure and
many complicated theorems. Existing simple symbol-
based methods provide no information about the rel-
ative importance of theorems, based on their use for
solving related previous problems. Structured and com-
plicated large mathematical libraries thus provide an
interesting challenge and application field for develop-
ment of machine learning methods that are aware of
the libraries’ contents, semantics, and proof structure.
The work presented here is a first serious attempt at
developing kernel methods for this application field.

5 Conclusions

The contributions of this paper are twofold. First, we
point to automated reasoning as an interesting and chal-
lenging domain for machine learning and in particular
machine learning techniques applicable to structured
data. Second, we introduce semantic graph kernels
that unlike standard geometric graph kernels can also
be used to learn from sparse graphs. Although in this
study we are primarily concerned with the automated
reasoning domain, semantic graph kernels can be ap-
plied to various tasks in computational biology, natural
language processing, social computing, etc., where data
have a natural graph-based representation. In our em-
pirical evaluation we demonstrate that graph kernels in
general and our semantic graph kernel in particular lead
to improvement in classification performance compared
to approaches that do not take the structured represen-
tation of the data into account. In the future we plan to
address the task by considering large scale multi-class
classification setting. Our final goal is incorporation
of the proposed method into open source ATP systems
which can lead to notable benefits both in terms of ac-
curacy and efficiency when applied to the automated
reasoning domain.
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